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ON A CERTAIN SUBCLASS OF MEROMORPHIC
UNIVALENT FUNCTIONS WITH FIXED SECOND
POSITIVE COEFFICIENTS
Firas Ghanim and Maslina Darus
Abstract. In the present paper, we consider the subclass of meromorphic univalent functions
S
∗
p[k,α,β,c] with ﬁxed second positive coeﬃcient. The object of the present paper is to show
coeﬃcient estimates, convex liner combinations, some distortion theorems, and redii of starlikeness
and convexity for f(z) in the class S
∗
p[k,α,β,c].
1 Introduction
For 0 < p < 1, let Sp denote the class of functions f which are meromorphic and
univalent in the unit disk D = {z : |z| < 1} with the normalization f(0) = 0,f0(0) =
1 and f(p) = ∞.
Let A(p) denote the set of function analytic in D\{p} with the topology given
by uniform convergence on compact subsets of D\{p}. Then A(p) is locally convex
linear topological space and Sp is a compact subset of A(p) (cf. [17, p.55]). In the
annulus {z : p < |z| < 1} every function f in Sp has an expansion of the form
f(z) =
α
z − p
+
∞ X
n=1
anzn, (1.1)
where α = Res(f,p),with 0 < α ≤ 1, z ∈ D\{p}.
The function f given in (1.1) was studied by Jinxi Ma [11]. The functions f in
Sp is said to be meromorphically starlike functions of order β if and only if
Re

−
zf0(z)
f(z)

> β (z ∈ D\{p}) (1.2)
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for some β(0 ≤ β < 1). We denote by S∗
p(β) the class of all meromorphically starlike
functions of order β. Similarly , a function f in S is said to be meromorphically
convex of order β if and only if
Re

−1 −
zf00(z)
f0(z)

> β (z ∈ D\{p}) (1.3)
for some β(0 ≤ β < 1). We denote by Sc
p(β) the class of all meromorphically convex
functions of order β. We note that the class S∗
0(β) and various other subclasses of
S∗
0(0) have been studied rather extensively by Nehari and Netanyahu[13], Clunie [5],
Pommerenke [14, 15], Miller [12], Royster [16], and others (cf., e.g., Bajpai [3], Goel
and Sohi [10], Uralegaddi and Ganigi [21], Cho et al [4], Aouf [1], and Uralegaddi
and Somantha [22, 23]; see also Duren [6, pp. 29 and 137], Srivastava and Owa [19,
pp.86 and 429].
Let Sp denote the subclass of Sp consisting of functions of the form:
f(z) =
α
z − p
+
∞ X
n=1
anzn, (an ≥ 0). (1.4)
For the function f in the class Sp, we deﬁne the following:
I0f(z) = f(z),
I1f(z) = zf0(z) +
α(2z − p)
(z − p)
2 ,
I2f(z) = z
 
I1f(z)
0 +
α(2z − p)
(z − p)
2 ,
and for k=1,2,3,... we can write
Ikf(z) = z

Ik−1f(z)
0
+
α(2z − p)
(z − p)
2
=
α
z − p
+
∞ X
n=1
nkanzn. (1.5)
The diﬀerential operator Ik studied extensively by Ghanim and Darus [8, 9] and
for p = 0 and α = 1, the diﬀerential operator Ik reduced to Frasin and Darus [7].
With the help of the diﬀerential operator Ik, we deﬁne the class S∗
p(k,α,β) as
follow:
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Deﬁnition 1. The function f ∈ Sp is said to be a member of the class S∗
p(k,α,β)
if it satisﬁes
 
 

z
 
Ikf(z)
0
Ikf(z)
+ 1
 
 

<
 
 

z
 
Ikf(z)
0
Ikf(z)
+ 2β − 1
 
 

(k ∈ N0 = N ∪ 0) (1.6)
for some β(0 ≤ β < 1) and for all z in D\{p}.
It is easy to check that S∗
p(0,1,β) is the class of meromorphically starlike functions
of order β and S∗
p(0,1,0) gives the meromorphically starlike functions for all z ∈
D\{p}.
Let us write
S∗
p[k,α,β] = S∗
p(k,α,β) ∩ Sp (1.7)
where Sp is the class of functions of the form (1.4) that are analytic and univalent
in D\{p}.
Next, we will state some result which were studied previously by Ghanim and
Darus [8].
2 Preliminary Results
For the class S∗
p[k,α,β], Ghanim and Darus [8] Showed:
Theorem 2. Let the function f be deﬁned by (1.4). If
∞ X
n=1
nk (n + β)(1 − p)|an| ≤ α(1 − β) (k ∈ N0) (2.1)
where (0 ≤ β < 1), then f ∈ S∗
p[k,α,β].
In the view of Theorem 2, we can see that the function f given by (1.4) is in the
class S∗
p[k,α,β] which satisﬁes
an ≤
α(1 − β)
nk (n + β)(1 − p)
. (2.2)
In view of (2.1), we can see that the functions f deﬁned by (1.4) in the class
S∗
p[k,α,β] satisfy the coeﬃcient inequality
a1 ≤
α(1 − β)
(1 + β)(1 − p)
(2.3)
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Hence we may take
a1 =
α(1 − β)c
(1 + β)(1 − p)
(2.4)
Making use of (2.4), we now introduce thee following class of functions:
Let S∗
p[k,α,β,c] denote the class of functions f(z) in S∗
p[k,α,β] of the form
f(z) =
α
z − p
+
α(1 − β)c
(1 + β)(1 − p)
z +
∞ X
n=2
|an|zn, (2.5)
with 0 ≤ c < 1.
In this paper we obtain coeﬃcient estimates, convex liner combinations, some
distortion theorems, and redii of starlikeness and convexity for f in the class S∗
p[k,α,β,c].
There are many papers in which meromorphic functions with ﬁxed second coeﬃcient
have been studied, see Aouf and Darwish [2], Silverman and Silvia [18], and Uralegaddi
[20], and we use the same techniques to prove our results.
3 Coeﬃcient Inequalities
Theorem 3. A function f deﬁned by (2.5) is in the class S∗
p[k,α,β,c], if and only
if,
∞ X
n=2
nk [(n + β)(1 − p)]|an| ≤ α(1 − β)(1 − c). (3.1)
The result is sharp.
Proof. By putting
a1 =
α(1 − β)c
(1 + β)(1 − p)
, (0 < c < 1) (3.2)
in (2.1), the result is easily derived. the result is sharp for function
fn(z) =
α
z − p
+
α(1 − β)c
(1 + β)(1 − p)
z
+
α(1 − β)(1 − c)
nk [(n + β)(1 − p)]
zn, n ≥ 2. (3.3)
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Corollary 4. Let the function f(z) given by (2.5) be in the class S∗
p[k,α,β,c], then
an ≤
α(1 − β)(1 − c)
nk [(n + β)(1 − p)]
, n ≥ 2. (3.4)
Corollary 5. If 0 ≤ c1 ≤ c2 ≤ 1, then
S∗
p[k,α,β,c2] ⊆ S∗
p[k,α,β,c1]. (3.5)
4 Growth and Distortion Theorems
A growth and distortion property for function f to be in the class S∗
p[k,α,β,c] is
given as follows:
Theorem 6. If the function f deﬁned by (2.5) is in the class S∗
p[k,α,β,c] for 0 <
|z| = r < 1, then we have
α
|z − p|
−
α(1 − β)c
(1 + β)(1 − p)
|z| −
α(1 − β)(1 − c)
[(2 + β)(1 − p)]
|z|
2 ≤ |f (z)|
≤
α
|z − p|
+
α(1 − β)c
(1 + β)(1 − p)
|z| +
α(1 − β)(1 − c)
[(2 + β)(1 − p)]
|z|
2 .
Where α = Res(z,p), with 0 < α ≤ 1, 0 ≤ β < 1, 0 < c < 1, z ∈ D\{p}.
Proof. Since f ∈ S∗
p[k,α,β,c], Theorem 3 yields the inequality
an ≤
α(1 − β)(1 − c)
nk [(n + β)(1 − p)]
, n ≥ 2. (4.1)
Thus, for 0 < |z| = r < 1, and note that for k = 0, we have
|f (z)| ≤
α
|z − p|
+
α(1 − β)c
(1 + β)(1 − p)
|z| +
∞ X
n=2
an |z|
n
≤
α
|z − p|
+
α(1 − β)c
(1 + β)(1 − p)
|z| + |z|
2
∞ X
n=2
an
≤
α
|z − p|
+
α(1 − β)c
(1 + β)(1 − p)
|z| +
α(1 − β)(1 − c)
[(2 + β)(1 − p)]
|z|
2
and
|f (z)| ≥
α
|z − p|
−
α(1 − β)c
(1 + β)(1 − p)
|z| −
∞ X
n=2
an |z|
n
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≥
α
|z − p|
−
α(1 − β)c
(1 + β)(1 − p)
|z| − |z|
2
∞ X
n=2
an
≥
α
|z − p|
−
α(1 − β)c
(1 + β)(1 − p)
|z| −
α(1 − β)(1 − c)
[(2 + β)(1 − p)]
|z|
2 .
Thus the proof of the theorem is complete.
Theorem 7. If the function f deﬁned by (2.5) is in the class S∗
p[k,α,β,c] for 0 <
|z| = r < 1, then we have
α
|z − p|
2 −
α(1 − β)c
(1 + β)(1 − p)
−
α(1 − β)(1 − c)
[(2 + β)(1 − p)]
|z| ≤
 f0 (z)


≤
α
|z − p|
2 +
α(1 − β)c
(1 + β)(1 − p)
+
α(1 − β)(1 − c)
[(2 + β)(1 − p)]
|z|
Proof. From Theorem 3, it follows that
nan ≤
α(1 − β)(1 − c)
nk−1 [(n + β)(1 − p)]
, n ≥ 2. (4.2)
Thus, for 0 < |z| = r < 1, and making use of (4.2) with noting that k = 1, we have

f0 (z)

 ≤
 
 
−α
(z − p)
2
 
  +
α(1 − β)c
(1 + β)(1 − p)
+
∞ X
n=2
nan |z|
n−1
≤
α
|z − p|
2 +
α(1 − β)c
(1 + β)(1 − p)
+ |z|
∞ X
n=2
nan
≤
α
|z − p|
2 +
α(1 − β)c
(1 + β)(1 − p)
+
α(1 − β)(1 − c)
[(2 + β)(1 − p)]
|z|
and

f0 (z)

 ≥
 
 
−α
(z − p)
2
 
  −
α(1 − β)c
(1 + β)(1 − p)
−
∞ X
n=2
nan |z|
n−1
≥
α
|z − p|
2 −
α(1 − β)c
(1 + β)(1 − p)
− |z|
∞ X
n=2
nan
≥
α
|z − p|
2 −
α(1 − β)c
(1 + β)(1 − p)
−
α(1 − β)(1 − c)
[(2 + β)(1 − p)]
|z|.
The proof is complete.
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5 Radii of Starlikeness and Convexity
The radii of starlikeness and convexity for the class S∗
p[0,α,β,c] is given by the
following theorem:
Theorem 8. If the function f deﬁned by (2.5) in the class S∗
p[k,α,β,c], then f is
starlikeness of order δ(0 ≤ δ ≤ 1) in the disk |z − p| < |z| < r1(k,α,β,c) where
r1(k,α,β,c,δ) is the largest value for which
α(3 − δ)(1 − β)c
(1 + β)(1 − p)
r2 +
α(n + 2 − α)(1 − β)(1 − c)
nk
o [(n + β)(1 − p)]
rn+1 ≤ α(1 − δ)
for n ≥ 2. The result is sharp for function fn(z) given by (3.3).
Proof. It suﬃce to show that

 

zf0(z)
f(z)
+ 1


  ≤ 1 − δ.
Note that

 

zf(z)0
f(z)
+ 1

 
 ≤

 
 
 

2α(1−β)c
(1+β)(1−p)z +
∞ P
n=2
(n + 1)anzn
α
z−p −
α(1−β)c
(1+β)(1−p)z −
∞ P
n=2
anzn

 
 
 

≤ 1 − δ. (5.1)
Hence for |z − p| < |z| < r, (5.1) hold true if
2α(1 − β)c
(1 + β)(1 − p)
r2 +
∞ X
n=2
(n + 1)anrn+1
≤ (1 − δ)
 
α −
α(1 − β)c
(1 + β)(1 − p)
r2 −
∞ X
n=2
anrn+1
!
(5.2)
or
α(3 − δ)(1 − β)c
(1 + β)(1 − p)
r2 +
∞ X
n=2
(n + 2 − δ)anrn+1 ≤ α(1 − δ) (5.3)
and it follow that from (3.1), we may take
an ≤
α(1 − β)(1 − c)λn
nk [(n + β)(1 − p)]
, (n ≥ 2). (5.4)
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where λn ≥ 0 and
∞ P
n=2
λn ≤ 1.
For each ﬁxed r, we choose the positive integer no = no(r) for which
n + 2 − α
nk [(n + β)(1 − p)]
rn+1, is maximal.
Then it follows that
∞ X
n=2
(n + 2 − δ)anrn+1 ≤
α(no + 2 − α)(1 − β)(1 − c)
nk
o [(no + β)(1 − p)]
rno+1. (5.5)
Then f is starlike of order δ in |z − p| < |z| < r1(k,α,β,c) provided that
α(3 − δ)(1 − β)c
(1 + β)(1 − p)
r2
+
α(no + 2 − α)(1 − β)(1 − c)
nk
o [(no + β)(1 − p)]
rno+1 ≤ α(1 − δ). (5.6)
We ﬁnd the value ro = ro(k,α,β,c,δ,n) and the corresponding integer no(ro) so
that
α(3 − δ)(1 − β)c
(1 + β)(1 − p)
r2
o+
α(no + 2 − α)(1 − β)(1 − c)
nk
o [(no + β)(1 − p)]
rno+1 = α(1 − δ). (5.7)
Then this value is the radius of starlikeness of order δ for function f belong to class
S∗
p[k,α,β,c].
Theorem 9. If the function f deﬁned by (2.5) in the class S∗
p[k,α,β,c] then f is
convexity of order δ(0 ≤ δ ≤ 1) in the disk |z − p| < |z| < r2(0,α,β,c,δ) where
r2(k,α,β,c,δ) is the largest value for which
α(3 − δ)(1 − β)c
(1 + β)(1 − p)
r2 +
α(n + 2 − α)(1 − β)(1 − c)
nk−1
o [(n + β)(1 − p)]
rn+1 ≤ α(1 − δ).
The result is sharp for function fn given by (3.3).
Proof. By using the same technique in the proof of Theorem 8 we can show that
 
 
(z − p)f00(z)
f0(z)
+ 2
 
  ≤ (1 − δ)
for |z − p| < |z| < r2 with the aid of Theorem 3. Thus, we have the assertion of
Theorem 9.
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6 Convex Linear Combination
Our next result involves a linear combination of function of the type (2.5).
Theorem 10. If
f1(z) =
α
z − p
+
α(1 − β)c
(1 + β)(1 − p)
z (6.1)
and
fn =
α
z − p
+
α(1 − β)c
(1 + β)(1 − p)
z
+
α(1 − β)(1 − c)
nk [(n + β)(1 − p)]
zn, n ≥ 2. (6.2)
Then f ∈ S∗
p[k,α,β,c] if and only if it can expressed in the form
f(z) =
∞ X
n=2
λnfn(z) (6.3)
where λn ≥ 0 and
∞ P
n=2
λn ≤ 1.
Proof. from (6.1), (6.2) and (6.3), we have
f(z) =
∞ X
n=2
λnfn(z)
so that
f(z) =
α
z − p
+
α(1 − β)c
(1 + β)(1 − p)
z +
∞ X
n=2
α(1 − β)(1 − c)λn
nk [(n + β)(1 − p)]
zn. (6.4)
Since
∞ X
n=2
α(1 − β)(1 − c)λn
nk [(n + β)(1 − p)]
·
nk [(n + β)(1 − p)]
α(1 − β)(1 − c)
=
∞ X
n=2
λn = 1 − λ1 ≤ 1.
It follows from Theorem 3 that the function f ∈ S∗
p[k,α,β,c] .
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Conversely, let us suppose that f ∈ S∗
p[k,α,β,c] . Since
an ≤
α(1 − β)(1 − c)
nk [(n + β)(1 − p)]
, (n ≥ 2).
Setting
λn =
nk [(n + β)(1 − p)]
α(1 − β)(1 − c)
an.
and
λ1 = 1 −
∞ X
n=2
λn
It follow that
f(z) =
∞ X
n=2
λnfn(z)
Thus completes the proof of theorem.
Theorem 11. The class S∗
p[k,α,β,c] is closed under linear combinations.
Proof. Suppose that the function f be deﬁned by (2.5), and let the function g be
deﬁned
g(z) =
α
z − p
+
α(1 − β)c
(1 + β)(1 − p)
z +
∞ X
n=2
|bn|zn, bn ≥ 2.
Assuming that f and g are in the class S∗
p[k,α,β,c], it is suﬃcient to prove that the
function H deﬁned by
H(z) = λf(z) + (1 − λ)g(z) (0 ≤ λ ≤ 1)
is also in the class S∗
p[k,α,β,c].
Since
H(z) =
α
z − p
+
α(1 − β)c
(1 + β)(1 − p)
z +
∞ X
n=2
|anλ + (1 − λ)bn|zn,
we observe that
∞ X
n=2
nk [(n + β)(1 − p)]|anλ + (1 − λ)bn| ≤ α(1 − β)(1 − c)
with the aid of Theorem 3.
Thus H ∈ S∗
p[k,α,β,c]. Hence the theorem.
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